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synthetic projection mehod

p(r, θ ) = pB(u, λ)

where

pB(u, λ)

p(r, θ )

: observed projection of fan beam CT

: synthetic projection for the equivalent parallel beam CT
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convolution back-projection (CBP) method for fan beam CT

CBP method for parallel beam CT

reconstruction filter :

convolution :

back-projection :

g(r) = ∫
+ ∞
− ∞

| k | ⋅ exp( 2⋅ π ⋅ i ⋅ r ⋅ k) dk

q(r, θ ) = ∫
+ ∞
− ∞

g(r − ρ) ⋅ p(ρ, θ ) d ρ

f (x, y) = 1
2 ⋅ ∫

2 π

0
q(x ⋅ cosθ + y ⋅ sinθ , θ ) dθ


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



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→ f (x, y) = 1
2 ⋅ ∫

2 π

0 ∫
+ ∞
− ∞

g(x ⋅ cosθ + y ⋅ sinθ − r) ⋅ p(r, θ ) dr dθ

change of variables of the double integral

∫ ∫ h( r(u, λ), θ(u, λ) ) dr dθ = ∫ ∫ h( r(u, λ), θ(u, λ) ) ⋅ ||J || du dλ

where || J || ≡ 


∂r
∂u ⋅ ∂θ

∂λ − ∂r
∂λ ⋅ ∂θ

∂u



=
A ⋅ B2

(B2 + u2)3 / 2

: absolute value of

determinant for Jacobian matrix

argument of the reconstruction filter

x ⋅ cosθ + y ⋅ sinθ − r = x ⋅ cos(λ − γ ) + y ⋅ sin(λ − γ ) − ( u ⋅ cosγ − (B − A) ⋅ sinγ )

=
B ⋅ (x ⋅ cosλ + y ⋅ sinλ) − u ⋅ (A − x ⋅ sinλ + y ⋅ cosλ)

√ B2 + u2

=
A − x ⋅ sinλ + y ⋅ cosλ

√ B2 + u2
⋅ 


B ⋅ (x ⋅ cosλ + y ⋅ sinλ)

A − x ⋅ sinλ + y ⋅ cosλ
− u



notable property of the reconstruction filter

g(α ⋅ β ) = ∫
+ ∞
− ∞

| k | ⋅ exp( 2⋅ π ⋅ i ⋅ α ⋅ β ⋅ k) dk

= ∫
+ ∞
− ∞




κ
α




⋅ exp( 2⋅ π ⋅ i ⋅ β ⋅ κ ) ⋅ 1

α
dκ =

1

α 2
⋅ g(β )

CBP method for fan beam CT



R(x, y, λ)

S(x, y, λ)



≡ 


x ⋅ cosλ + y ⋅ sinλ
− x ⋅ sinλ + y ⋅ cosλ




= 


cosλ,

− sinλ,

sinλ
cosλ






x

y



f (x, y) = 1
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g
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B ⋅ R
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
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⋅ pB(u, λ) ⋅ ||J || du dλ

= 1
2 ⋅ ∫

2 π

0 ∫
+ ∞
− ∞


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B ⋅ R
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⋅ pB(u, λ) ⋅
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(B2 + u2)3 / 2
du dλ
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reconstruction filter :

convolution :

back-projection :

g(u) = ∫
+ ∞
− ∞

| k | ⋅ exp( 2⋅ π ⋅ i ⋅ u ⋅ k) dk

qB(u, λ) = ∫
+ ∞
− ∞

g(u − υ) ⋅
A

√ B2 + υ2
⋅ pB(υ, λ) dυ

f (x, y) = 1
2 ⋅ ∫

2 π

0


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
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⋅ qB


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
dλ
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when rotation axis is not on the line connecting light source and illumination center
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tanγ = u / B
r = (u − C) ⋅ cosγ − (B − A) ⋅ sinγ
θ = λ − γ

p(r, θ ) = pB(u, λ)

r = (u − C) ⋅ cosγ − (B − A) ⋅ sinγ =
A ⋅ u − B ⋅ C

√ B2 + u2

θ = λ − γ = λ − tan− 1 


u

B

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∂r

∂u
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B ⋅ (A ⋅ B + C ⋅ u)

(B2 + u2)3 / 2

∂r

∂λ
= 0

∂θ
∂u

= −
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B2 + u2
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∂u

,

∂r

∂λ
∂θ
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

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

=
B ⋅ (A ⋅ B + C ⋅ u)

(B2 + u2)3 / 2

x ⋅ cosθ + y ⋅ sinθ − r = x ⋅ cos(λ − γ ) + y ⋅ sin(λ − γ ) − ( (u − C) ⋅ cosγ − (B − A) ⋅ sinγ )

=
B ⋅ (C + x ⋅ cosλ + y ⋅ sinλ) − u ⋅ (A − x ⋅ sinλ + y ⋅ cosλ)

√ B2 + u2

=
A − x ⋅ sinλ + y ⋅ cosλ

√ B2 + u2
⋅ 


B ⋅ (C + x ⋅ cosλ + y ⋅ sinλ)

A − x ⋅ sinλ + y ⋅ cosλ
− u




g(α ⋅ β ) = ∫
+ ∞
− ∞

| k | ⋅ exp( 2⋅ π ⋅ i ⋅ α ⋅ β ⋅ k) dk = . . . =
1

α 2
⋅ g(β )



FBCT : 4
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f (x, y) = 1
2 ⋅ ∫

2 π

0 ∫
+ ∞
− ∞

g(x ⋅ cosθ + y ⋅ sinθ − r) ⋅ p(r, θ ) dr dθ

= 1
2 ⋅ ∫

2 π

0 ∫
+ ∞
− ∞

g


A + S

√ B2 + u2
⋅ 


B ⋅ (C + R)

A + S
− u



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⋅ pB(u, λ) ⋅ ||J || du dλ

= 1
2 ⋅ ∫

2 π

0 ∫
+ ∞
− ∞





√ B2 + u2

A + S



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2

⋅ g


B ⋅ (C + R)

A + S
− u


⋅ pB(u, λ) ⋅

B ⋅ (A ⋅ B + C ⋅ u)

(B2 + u2)3 / 2
du dλ

= 1
2 ⋅ ∫

2 π

0 ∫
+ ∞
− ∞




B

A + S



2

⋅ g


B ⋅ (C + R)

A + S
− u


⋅ pB(u, λ) ⋅

A +
C

B
⋅ u

√ B2 + u2
du dλ

→
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reconstruction filter :

convolution :

back-projection :

g(u) = ∫
+ ∞
− ∞

| k | ⋅ exp( 2⋅ π ⋅ i ⋅ u ⋅ k) dk

qB(u, λ) = ∫
+ ∞
− ∞

g(u − υ) ⋅
A +

C

B
⋅ υ

√ B2 + υ2
⋅ pB(υ, λ) dυ

f (x, y) = 1
2 ⋅ ∫

2 π

0




B

A + S



2

⋅ qB



B

A + S
⋅ (C + R), λ


dλ

Feldkamp, Davis and Kress (FDK) method for cone beam CT

reconstruction filter

g(u) = ∫
+ ∞
− ∞

| k | ⋅ exp( 2⋅ π ⋅ i ⋅ u ⋅ k) dk

convolution

qB(u, w, λ) = ∫
+ ∞
− ∞

g(u − υ) ⋅
A +

C

B
⋅ υ

√ B2 + υ2 + w2
⋅ pB(υ, w, λ) dυ

back-projection

f (x, y, z) ≈ 1
2 ⋅ ∫

2 π

0




B

A + S



2

⋅ qB



B

A + S
⋅ (C + R),

B

A + S
⋅ z, λ


dλ

where

x = y = 0 at the rotation axis,O
u = w = 0 at the illumination center,L
z = 0 at the intersection point of the rotation axis and the plane ofw = 0


