
2D

Radon transfor m

[1] p(r , θ ) = ∫
+ ∞

− ∞
f (x , y ) ds with 


r
s




= 


cosθ
− sinθ

sinθ
cosθ







x
y




Four ier and inverse Four ier transfor m

[2] F (u , v ) = ∫ ∫
+ ∞

− ∞
f (x , y ) ⋅ exp { − 2 ⋅ π ⋅ i ⋅ (u ⋅ x + v ⋅ y )} dx dy

[3] F (ρ ⋅ cosθ, ρ ⋅ sinθ ) = ∫ ∫
+ ∞

− ∞
f (x , y ) ⋅ exp { − 2 ⋅ π ⋅ i ⋅ ρ ⋅ (x ⋅ cosθ + y ⋅ sinθ )} dx dy

= ∫ ∫
+ ∞

− ∞
f (x , y ) ⋅ exp(− 2 ⋅ π ⋅ i ⋅ ρ ⋅ r ) dr ds

= ∫
+ ∞

− ∞
p(r , θ ) ⋅ exp(− 2 ⋅ π ⋅ i ⋅ ρ ⋅ r ) dr ← "Four ier slice theorem"

[4] p(r , θ ) = ∫
+ ∞

− ∞
F (ρ ⋅ cosθ, ρ ⋅ sinθ ) ⋅ exp( 2 ⋅ π ⋅ i ⋅ r ⋅ ρ) d ρ

= ∫ ∫ ∫
+ ∞

− ∞
f (x , y ) ⋅ exp {2 ⋅ π ⋅ i ⋅ (r − x ⋅ cosθ − y ⋅ sinθ ) ⋅ ρ} dx dy d ρ

Nyquist frequency ≡
1

2 ⋅ ∆r

[5] ∫
+ ∞

− ∞
exp {2 ⋅ π ⋅ i ⋅ (r − x ⋅ cosθ − y ⋅ sinθ ) ⋅ ρ} d ρ

≈ ∫
+ 1

2 ⋅ ∆r

− 1
2 ⋅ ∆r

exp {2 ⋅ π ⋅ i ⋅ (r − x ⋅ cosθ − y ⋅ sinθ ) ⋅ ρ} d ρ

=




exp {2 ⋅ π ⋅ i ⋅ (r − x ⋅ cosθ − y ⋅ sinθ ) ⋅ ρ}
2 ⋅ π ⋅ i ⋅ (r − x ⋅ cosθ − y ⋅ sinθ )





ρ = + 1
2 ⋅ ∆r

ρ = − 1
2 ⋅ ∆r

=
2 ⋅ i ⋅ sin 


2 ⋅ π ⋅ (r − x ⋅ cosθ − y ⋅ sinθ ) ⋅ 1

2 ⋅ ∆r




2 ⋅ π ⋅ i ⋅ (r − x ⋅ cosθ − y ⋅ sinθ )

=
1
∆r

⋅
sin { π ⋅ (r − x ⋅ cosθ − y ⋅ sinθ ) / ∆r }

π ⋅ (r − x ⋅ cosθ − y ⋅ sinθ ) / ∆r

=
1
∆r

⋅ sinc 

π ⋅

r − x ⋅ cosθ − y ⋅ sinθ
∆r




[6] p(r , θ ) ≈
1
∆r

⋅ ∫ ∫
+ ∞

− ∞
f (x , y ) ⋅ sinc 


π ⋅

r − x ⋅ cosθ − y ⋅ sinθ
∆r




dx dy

numer ical integration

[7] f j , k ≡ f (∆xy ⋅ X j, ∆xy ⋅ Yk ) where




X j ≡ j − C x

Yk ≡ k − C y





for




j = 0, ..., N x − 1
k = 0, ..., N y − 1

[8] p(r , θ ) ≈
∆2

xy

∆r
⋅

N x − 1

j = 0
Σ

N y − 1

k = 0
Σ f j , k ⋅ sinc 


π ⋅

r − ∆xy ⋅ (X j ⋅ cosθ + Yk ⋅ sinθ )

∆r




when ∆r = ∆xy and R l ≡ l − C r for l = 0, ..., N r − 1

[9] p l(θ ) ≡ p(∆r ⋅ R l, θ ) ≈ ∆xy ⋅
N x − 1

j = 0
Σ

N y − 1

k = 0
Σ f j , k ⋅ sinc { π ⋅ (R l − X j ⋅ cosθ − Yk ⋅ sinθ )}



3D

[1] p(a, b) = ∫
+ ∞

− ∞
f (x , y , z ) dc with





a
b
c





=





Rax

Rbx

Rcx

Ray

Rby

Rcy

Raz

Rbz

Rcz










x
y
z





← simple coordinate rotation

[2] F (u , v , w ) = ∫ ∫ ∫
+ ∞

− ∞
f (x , y , z ) ⋅ exp { − 2 ⋅ π ⋅ i ⋅ (u ⋅ x + v ⋅ y + w ⋅ z )} dx dy dz

[3] F (α ⋅ Rax + β ⋅ Rbx, α ⋅ Ray + β ⋅ Rby, α ⋅ Raz + β ⋅ Rbz )

= ∫ ∫ ∫
+ ∞

− ∞
f (x , y , z ) ⋅ exp { − 2 ⋅ π ⋅ i ⋅ ( α ⋅ (Rax ⋅ x + Ray ⋅ y + Raz ⋅ z )

+ β ⋅ (Rbx ⋅ x + Rby ⋅ y + Rbz ⋅ z ))} dx dy dz

= ∫ ∫ ∫
+ ∞

− ∞
f (x , y , z ) ⋅ exp { − 2 ⋅ π ⋅ i ⋅ (α ⋅ a + β ⋅ b)} da db dc

= ∫ ∫
+ ∞

− ∞
p(a, b) ⋅ exp { − 2 ⋅ π ⋅ i ⋅ (α ⋅ a + β ⋅ b)} da db

[4] p(s, t ) = ∫ ∫
+ ∞

− ∞
F (α ⋅ Rax + β ⋅ Rbx, α ⋅ Ray + β ⋅ Rby, α ⋅ Raz + β ⋅ Rbz ) ⋅ exp {2 ⋅ π ⋅ i ⋅ (s ⋅ α + t ⋅ β )} dα d β

= ∫ ∫ ∫ ∫ ∫
+ ∞

− ∞
f (x , y , z ) ⋅ exp {2 ⋅ π ⋅ i ⋅ ( (s − a) ⋅ α + (t − b) ⋅ β)} dx dy dz dα d β

= ∫ ∫ ∫
+ ∞

− ∞
f (x , y , z ) ⋅ ∫

+ ∞

− ∞
exp {2 ⋅ π ⋅ i ⋅ (s − a) ⋅ α } dα

⋅ ∫
+ ∞

− ∞
exp {2 ⋅ π ⋅ i ⋅ (t − b) ⋅ β } d β dx dy dz

[5] ∫
+ ∞

− ∞
exp {2 ⋅ π ⋅ i ⋅ (s − a) ⋅ α } dα ≈ ∫

+ 1
2 ⋅ ∆a

− 1
2 ⋅ ∆a

exp {2 ⋅ π ⋅ i ⋅ (s − a) ⋅ α } dα =
1
∆a

⋅ sinc 

π ⋅

s − a
∆a




∫
+ ∞

− ∞
exp {2 ⋅ π ⋅ i ⋅ (t − b) ⋅ β } d β ≈ ∫

+ 1
2 ⋅ ∆b

− 1
2 ⋅ ∆b

exp {2 ⋅ π ⋅ i ⋅ (t − b) ⋅ β } d β =
1
∆b

⋅ sinc 

π ⋅

t − b
∆b




[6] p(s, t ) ≈
1

∆a ⋅ ∆b
⋅ ∫ ∫ ∫

+ ∞

− ∞
f (x , y , z ) ⋅ sinc 


π ⋅

s − a
∆a




⋅ sinc 

π ⋅

t − b
∆b




dx dy dz

[7] f j , k , l ≡ f (∆a ⋅ X j, ∆a ⋅ Yk, ∆b ⋅ Z l ) where







X j ≡ j − C x

Yk ≡ k − C y

Z l ≡ l − Cz







for







j = 0, ..., N x − 1
k = 0, ..., N y − 1
l = 0, ..., Nz − 1

[8] p(s, t ) ≈ ∆a ⋅
j , k , l
Σ f j , k , l ⋅ sinc 


π ⋅

s − a j , k , l

∆a




⋅ sinc 

π ⋅

t − b j , k , l

∆b




where




a j , k , l ≡ Rax ⋅ ∆a ⋅ X j + Ray ⋅ ∆a ⋅ Yk + Raz ⋅ ∆b ⋅ Z l

b j , k , l ≡ Rbx ⋅ ∆a ⋅ X j + Rby ⋅ ∆a ⋅ Yk + Rbz ⋅ ∆b ⋅ Z l

[9] pm, n ≡ p(∆a ⋅ Am, ∆b ⋅ Bn) ≈ ∆a ⋅
j , k , l
Σ f j , k , l ⋅ sinc





π ⋅ 

Am − (Rax ⋅ X j + Ray ⋅ Yk ) −

∆b

∆a
⋅ Raz ⋅ Z l







⋅ sinc




π ⋅ 

Bn −

∆a

∆b
⋅ (Rbx ⋅ X j + Rby ⋅ Yk ) − Rbz ⋅ Z l







where




Am ≡ m − Ca

Bn ≡ n − Cb





for




m = 0, ..., Na − 1
n = 0, ..., Nb − 1



2D and 3D

Four ier transfor m of delta function , δ (r )

∫
+ ∞

− ∞
δ (r ) ⋅ exp(− 2 ⋅ π ⋅ i ⋅ ρ ⋅ r ) dr = 1

→ δ (r ) = ∫
+ ∞

− ∞
exp( 2 ⋅ π ⋅ i ⋅ r ⋅ ρ) d ρ ← inverse Four ier transfor m

≈ ∫
+ 1

2 ⋅ ∆r

− 1
2 ⋅ ∆r

exp( 2 ⋅ π ⋅ i ⋅ r ⋅ ρ) d ρ =
1
∆r

⋅ sinc 

π ⋅

r
∆r




[5]

2D Radon transfor m

[1] p(r , θ ) = ∫
+ ∞

− ∞
f (x , y ) ds with 


r
s




= 


cosθ
− sinθ

sinθ
cosθ







x
y




→ p(r , θ ) = ∫ ∫
+ ∞

− ∞
f (x , y ) ⋅ δ (r − x ⋅ cosθ − y ⋅ sinθ ) dx dy [1]

= ∫ ∫
+ ∞

− ∞
f (x , y ) ⋅ ∫

+ ∞

− ∞
exp {2 ⋅ π ⋅ i ⋅ (r − x ⋅ cosθ − y ⋅ sinθ ) ⋅ ρ} d ρ dx dy [4]

≈
1
∆r

⋅ ∫ ∫
+ ∞

− ∞
f (x , y ) ⋅ sinc 


π ⋅

r − x ⋅ cosθ − y ⋅ sinθ
∆r




dx dy [6]

≈
∆2

xy

∆r
⋅

N x − 1

j = 0
Σ

N y − 1

k = 0
Σ f j , k ⋅ sinc 


π ⋅

r − ∆xy ⋅ (X j ⋅ cosθ + Yk ⋅ sinθ )

∆r




[8]

[3] F (ρ ⋅ cosθ, ρ ⋅ sinθ ) = ∫
+ ∞

− ∞
p(r , θ ) ⋅ exp(− 2 ⋅ π ⋅ i ⋅ ρ ⋅ r ) dr ← "Four ier slice theorem" [−]

3D Radon transfor m

[1] p(a, b) = ∫
+ ∞

− ∞
f (x , y , z ) dc with





a
b
c





=





Rax

Rbx

Rcx

Ray

Rby

Rcy

Raz

Rbz

Rcz










x
y
z





← simple coordinate rotation

→ p(s, t ) = ∫ ∫ ∫
+ ∞

− ∞
f (x , y , z ) ⋅ δ (s − Rax ⋅ x − Ray ⋅ y − Raz ⋅ z )

⋅ δ (t − Rbx ⋅ x − Rby ⋅ y − Rbz ⋅ z ) dx dy dz [1]

= ∫ ∫ ∫
+ ∞

− ∞
f (x , y , z ) ⋅ ∫

+ ∞

− ∞
exp {2 ⋅ π ⋅ i ⋅ (s − a) ⋅ α } dα

⋅ ∫
+ ∞

− ∞
exp {2 ⋅ π ⋅ i ⋅ (t − b) ⋅ β } d β dx dy dz [4]

≈
1

∆a ⋅ ∆b
⋅ ∫ ∫ ∫

+ ∞

− ∞
f (x , y , z ) ⋅ sinc 


π ⋅

s − a
∆a




⋅ sinc 

π ⋅

t − b
∆b




dx dy dz [6]

≈ ∆a ⋅
j , k , l
Σ f j , k , l ⋅ sinc 


π ⋅

s − a j , k , l

∆a




⋅ sinc 

π ⋅

t − b j , k , l

∆b




[8]

where




a j , k , l ≡ Rax ⋅ ∆a ⋅ X j + Ray ⋅ ∆a ⋅ Yk + Raz ⋅ ∆b ⋅ Z l

b j , k , l ≡ Rbx ⋅ ∆a ⋅ X j + Rby ⋅ ∆a ⋅ Yk + Rbz ⋅ ∆b ⋅ Z l

[3] F (α ⋅ Rax + β ⋅ Rbx, α ⋅ Ray + β ⋅ Rby, α ⋅ Raz + β ⋅ Rbz ) = ∫ ∫
+ ∞

− ∞
p(a, b) ⋅ exp { − 2 ⋅ π ⋅ i ⋅ (α ⋅ a + β ⋅ b)} da db [−]


